Introduction
Lifting modules and extending modules, as dual concepts, play important roles in rings and categories of modules. Lifting modules and their generalizations have been studied extensively by many authors recently. As a proper generalization of lifting modules, the notion of H-supplemented modules was introduced in Mohamed and Müller (1990) . Let 
Main Results
Let M be a module. Recall the following conditions: The following examples show that the condition (D 3 ) in Theorem 2.1 is not necessary.
Example 2.6. It is well known that Z/pZ ⊕ Z/p 2 Z (p is prime) is a lifting module, and hence it is a completely H-supplemented module. However, it does not satisfy the condition Proof. Let K and L be direct summands of M with (i) M is completely H-supplemented.
and K and K ′ are relatively sjective.
Proof. (i) ⇔ (ii) By Theorem 2.1.
(ii) ⇒ (iii) Let M be an H-supplemented module. Then it is easy to see that M is FI-
Hence Rad(K ′ ) ≪ K ′ . By Lemma 2.12, K and K ′ are relatively ejective.
(iii) ⇒ (ii) By Lemma 2.14.
(ii) ⇔ (iv) and (ii) ⇔ (v) are similar to (ii) ⇔ (iii).
Proof. Let L be a submodule of M 1 . By hypothesis, there exists a direct summand 
Let R be any ring and M be an R-module. 
and defined inductivelyZ α (M ) for any ordinal α. Thus, if α is not a limit ordinal they set
This gives the descending sequence M is H-supplemented by Lemma 2.14.
It is well known that a direct sum of H-supplemented modules need not be H-supplemented.
Here we will study an infinite direct sum of H-supplemented modules. Let M be an R-module such that M = ⊕ i∈I M i is the direct sum of H-supplemented modules M i (i ∈ I), for some given index set I. Now we consider when M itself is an H-supplemented module. Let
For any set I, |I| will denote its cardinality. (ii) There exists i ∈ I such that for every submodule K of M with M = K + M i or 
there exists a submodule X 1 of M and a direct summand
There exists a submodule
is a direct summand of M . Therefore, M is H-supplemented.
(ii) ⇒ (iii) is obvious. 
is a direct summand of M . Now the proof is completed.
